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Abstract
By complexifying a Hamiltonian system one obtains dynamics on a holomorphic sym-
plectic manifold. To invert this construction we present a theory of real forms which not
only recovers the original system but also yields different real Hamiltonian systems which
share the same complexification. This provides a notion of real forms for holomorphic
Hamiltonian systems analogous to that of real forms for complex Lie algebras. The the-
ory behaves well with respect to reduction and integrability. For instance, the integrable
system for the spherical pendulum on T ∗S2 can be complexified and admits a compact,
integrable real form on S2 × S2. This produces a ‘unitary trick’ for integrable systems
which curiously requires an essential use of hyperka¨hler geometry.
Keywords : Hamiltonian dynamics, integrable systems, hyperka¨hler geometry
Background and Outline
Real analytic Hamiltonian systems are closely related to complex holomorphic Hamiltonian
systems. Indeed, if we treat the variables in a real analytic system as being complex we
obtain a holomorphic system. For this reason it is not uncommon to treat these two concepts
equivalently. However, what this perspective overlooks is the possibility that many different
and distinct real analytic systems might each complexify to the same system. This motivates a
theory of real forms for holomorphic Hamiltonian systems which will allow us to treat different
real Hamiltonian systems as real forms of the same complex system.
This idea is not new and has been considered before in [18, 30, 16, 17]. However, their
approach is limited to systems on C2n with real subspaces R2n as real forms. We generalise this
to dynamics on holomorphic symplectic manifolds and introduce a wider definition for what
it means to be a real form. This has the advantage of extending the scope of the theory to
include a greater variety of dynamical systems and also brings it into closer contact with ideas
in differential geometry. Below we give an outline of the work contained within.
1. Introduction
A real analytic manifold can be complexified to give a complex manifold [42, 39, 29]. The
original manifold appears as a totally real submanifold of half dimension, and thus, any such
submanifold with this property shall be considered a real form of the complex manifold. If
the original manifold possesses an analytic symplectic form then the complexification will be
a holomorphic symplectic manifold. Exactly as with ordinary Hamiltonian dynamics one can
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consider a Hamiltonian vector field generated by a holomorphic function and investigate the
dynamics generated by its flow.
We distinguish those real forms upon which the holomorphic symplectic form is either purely
real or pure imaginary; what we shall call a real- or imaginary-symplectic form. If such a real
form is invariant under the flow of a holomorphic Hamiltonian then we justify why the restricted
dynamics on this real form can be considered to be a real form of the holomorphic Hamiltonian
system.
2. Reduction
If a holomorphic Hamiltonian systems admits some symmetry it is natural to ask how this
symmetry might manifest on a real form. A more precise formulation of this question is to ask
how the complex and real symplectic reduced spaces might be related. We choose to address this
in terms of Poisson reduction, which in turn requires us to generalise holomorphic symplectic
geometry to the setting of holomorphic Poisson geometry (see [31] and the references therein).
For when the symmetry of the holomorphic symplectic manifold is in a certain sense com-
patible with respect to a real form, we show the extent to which a reduced space of the real form
can itself be considered a real form of a complex reduced space. Our notion of compatibility in
the presence of a real structure is similar in spirit to the work [36] and has much in common
with [19].
To demonstrate these results we introduce a guiding example which finds use throughout
the paper: the example of the complex 2-sphere CS2, by which we mean the affine variety
x2 + y2 + z2 = 1
in C3. This is the complexification of the ordinary real sphere, and as such, is an example of a
holomorphic symplectic manifold. We exhibit this complex sphere as a holomorphic symplectic
reduced space for an action of C on C4. Certain subspaces R4 ⊂ C4 are compatible real-
symplectic forms with respect to this group action, and hence, descend to give examples of
real-symplectic forms on CS2.
3. Branes
A hyperka¨hler manifold defines a holomorphic symplectic form for each choice of complex
structure. Naturally this provides us with a stock of examples of holomorphic symplectic
manifolds. In addition to this, complex-Lagrangian submanifolds taken with respect to one
complex structure give real- and imaginary-symplectic forms with respect to two other complex
structures, respectively. This gives us a nice trick to generate examples of real- and imaginary-
symplectic forms. We adopt the terminology taken from ideas in string theory and refer to such
submanifolds as branes.
This trick is implemented for the example of the Eguchi-Hanson space whose construction
we obtain through hyperka¨hler reduction on the biquaternions [24, 20]. For separate choices
of complex structure the underlying holomorphic symplectic manifold can be either CS2 or
T ∗CP1. In this way we demonstrate that complex-Lagrangian submanifolds of T ∗CP1, such
as the zero-section or a fibre, correspond to real-symplectic forms of CS2. We also obtain an
identification between CS2 and T ∗CP1 which turns out to be an essential ingredient for the
spherical pendulum example in the following section.
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4. Integrability
The generalisation of an integrable system to the holomorphic category is straightforward, con-
sidered for instance in [12] and extensively discussed for the real analytic category in [41, 1].
Our main question is to ask whether holomorphic integrability is equivalent to integrability
on a real form. We answer in the affirmative and show that if a real form admits an analytic
integrable system then this may be extended to a holomorphic integrable system in a neigh-
bourhood of the real form. Conversely, if a holomorphic Hamiltonian system is integrable in
the holomorphic sense, then any real form of the dynamics is integrable in the real sense.
This provides us with a powerful method for generating new integrable systems from old:
begin with a real analytic integrable system, complexify it and obtain real integrable systems on
different real forms. This can be demonstrated for the classical integrable system of the spherical
pendulum. By using the hyperka¨hler geometry from the previous section we identify T ∗S2 with
CS
2, whose complexification then gives a holomorphic integrable system on CS2 × CS2. This
admits a real integrable system on the real form S2 × S2 which can, in a sense, be considered
a compact real form of the spherical pendulum.
1 Introduction
1.1 Holomorphic symplectic geometry
A holomorphic symplectic manifold is a complex manifold M equipped with a closed and non-
degenerate holomorphic 2-form Ω. This gives an isomorphism between each tangent space and
its dual by identifying df ∈ T ∗pM with the tangent vector Xf ∈ TpM satisfying
Ω(Xf , Y ) = 〈df, Y 〉
for all Y ∈ TpM . In this way we may associate to a holomorphic function f a Hamiltonian
vector field Xf . If we separate the holomorphic symplectic form into its real and imaginary
parts we obtain real symplectic forms ωR and ωI on M , where Ω = ωR + iωI . If we write the
complex structure on each tangent space as I then these two forms are related by
ωR(I(X), Y ) = −ωI(X, Y ). (1.1)
Proposition 1.1. Let f be a holomorphic function defined on a holomorphic symplectic man-
ifold (M,Ω) and write f = u + iv as its decomposition into real and imaginary parts. The
Hamiltonian vector field Xf is equivalently the Hamiltonian vector field of u on (M,ωR), and
of v on (M,ωI).
Proof. This follows immediately by expanding Ω(Xf , Y ) = 〈df, Y 〉 into real and imaginary
parts as
ωR(Xf , Y ) + iωI(Xf , Y ) = 〈du, Y 〉+ i〈dv, Y 〉.
This proposition shows that the Hamiltonian vector field generated by a holomorphic func-
tion defines a bihamiltonian structure on M with respect to the two symplectic forms ωR and
ωI [1, 37].
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To generalise the concept of real structures on complex vector spaces we say that a real
structure on a complex manifoldM is an involution R whose derivative is everywhere conjugate-
linear. If non-empty, the fixed-point set ofR can be considered a real form ofM . More generally,
a real form of a complex manifold shall mean a totally real submanifold of half dimension.
Definition 1.1. A real form N of (M,Ω) is called a real-symplectic form if the restriction of
Ω to N is purely real, and an imaginary-symplectic form if this restriction is purely imaginary.
Furthermore, a real structure R is said to be
• a real-symplectic structure if R∗Ω = Ω (conjugate-symplectic)
• and an imaginary-symplectic structure if R∗Ω = −Ω (anti-conjugate-symplectic)
Assuming they are non-empty, the fixed-point sets of real- and imaginary-symplectic struc-
tures are real- and imaginary-symplectic forms, respectively.
Proposition 1.2. A totally real submanifold N of (M,Ω) is a real-symplectic form if and
only if it is a Lagrangian submanifold with respect to (M,ωI). This implies N is a symplectic
submanifold of (M,ωR). Likewise, N is an imaginary-symplectic form if and only if it is
Lagrangian with respect to (M,ωR), and this implies it is a symplectic submanifold of (M,ωI).
Proof. The first implication is immediate from the definitions. If TpN is a Lagrangian subspace
with respect to ωI then from (1.1) it follows that I(TpN) is the orthogonal complement to TpN
with respect to ωR. As I(TpN) ∩ TpN = {0} we see that TpN is a symplectic subspace of TpM
with respect to ωR for all p ∈ N . The case for imaginary-symplectic forms is similar.
Example 1.1 (Cotangent lift of a real structure). Let C be a complex manifold together with
a real structure r. We can lift this to a real structure R on the cotangent bundle by setting
〈R(η), X〉 = 〈η, r∗X〉
for η ∈ T ∗pC and for all X ∈ Tr(p)C. This satisfies R∗λ = λ where λ is the canonical one-form.
Therefore, we may lift real structures on C to real-symplectic structures on (T ∗C,Ωcan). The
fixed-point set (T ∗C)R is canonically symplectomorphic to T ∗Cr.
1.2 Dynamics
Suppose we have a dynamical system on (M,Ω) generated by a holomorphic Hamiltonian f .
Given a real form N ⊂ M we would like to be able to describe a real Hamiltonian system on N
which can, in a sense, be said to be a real form of the holomorphic system (M,Ω, f). This raises
two questions: what real forms N should we consider, and what should be the corresponding
real Hamiltonian?
In answer to the first question we shall insist that N is a real- or imaginary-symplectic form.
For the sake of brevity we shall throughout this paper mostly make reference to real-symplectic
forms, however the imaginary case is entirely similar. From Proposition 1.2 the restriction of
ωR to N is symplectic. If we write this restriction as ω̂R then we have the real symplectic
manifold (N, ω̂R).
We now turn to the second question. In order for the dynamical system on M to descend
meaningfully to a dynamical system on N we must suppose that N is invariant under the flow
generated by f . If we decompose the function into its real and imaginary parts as f = u+iv then
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by Proposition 1.1 the flow of f is equivalently the Hamiltonian flow of u on (M,ωR). For p ∈ N
the Hamiltonian vector field Xu belongs to TpN if and only if du yields zero when evaluated on
the orthogonal complement to TpN with respect to ωR. From the proof of Proposition 1.2 this
complement is I(TpN), and therefore we require 〈du, I(TpN)〉 = 0. Since f is holomorphic the
Cauchy-Riemann equations show us that this is equivalent to 〈dv, TpN〉 = 0.
Theorem 1.3. Let (M,Ω) be a holomorphic symplectic manifold. A real-symplectic form N ⊂
M is invariant under the Hamiltonian flow generated by a holomorphic function f = u+ iv if
and only if v is locally constant on N . In this case, the flow on N is identical to the Hamiltonian
flow generated by the restriction of u to (N, ω̂R).
For the situation described in this theorem we can speak of the dynamical system (N, ω̂R, u)
as being a real form of the holomorphic system (M,Ω, f). The principal application we have
in mind is to identify different real Hamiltonian systems by recognising that they are both
real forms of the same holomorphic system. For example, one can show that many dynamical
systems in spherical and hyperbolic geometry are both real forms of the same complexified
system, such as geodesic flows or central force problems.
2 Reduction
2.1 Holomorphic Poisson geometry
A holomorphic Poisson manifold is a complex manifold P equipped with a holomorphic section
π of
∧2 TP with the property that the bracket
{f, g}(x) = πx(df, dg)
between locally defined holomorphic functions satisfies the Jacobi identity and is thus a complex-
valued Poisson bracket. Such a Poisson structure defines a fibrewise complex-linear map
♯ : T ∗P → TP which sends df ∈ T ∗xP to the vector ♯df ∈ TxP which satisfies
〈dg, ♯df〉 = πx(df, dg) (2.1)
for all dg ∈ T ∗xP . Exactly as with the real situation, the image of ♯ defines a complex involutive
(generalised) distribution called the characteristic distribution. One may define a holomorphic
symplectic form Ω on each leaf O of the distribution by
Ω(♯df, ♯dg) = π(df, dg). (2.2)
This form is non-degenerate and well defined thanks to ker ♯ = (Im ♯)◦ and is a closed holomor-
phic form as a consequence of the Jacobi identity. The leaves of the characteristic distribution
are therefore immersed holomorphic symplectic manifolds.
By decomposing a complex one-form into its real and imaginary parts df = du + idv we
establish two real isomorphisms between the spaces of complex-linear forms on TxP and real-
linear forms on TxP . We can then define two real Poisson structures πR and πI on P by
setting
π(df1, df2) = πR(du1, du2) + iπI(dv1, dv2). (2.3)
Applying (2.1) gives
♯df = ♯Rdu = ♯Idv. (2.4)
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Consequently, the characteristic distributions coincide, and with the aid of (2.2) we see that
the real and imaginary parts of the holomorphic symplectic form Ω on a leaf O are precisely
the real symplectic forms ωR and ωI induced by the Poisson structures πR and πI , respectively.
In light of Proposition 1.2, the generalisation of Definition 1.1 requires a review of the
appropriate analogues of submanifolds in symplectic geometry to Poisson geometry [43].
• A submanifold N of (P, πI) is coisotropic if ♯I(TN◦) ⊂ TN .
• A submanifold N of (P, πR) is called pointwise Poisson-Dirac if ♯R(TxN◦) ∩ TxN = {0}
for every x ∈ N . For any dU ∈ T ∗xN this implies the existence of a unique du ∈ T ∗xP
which projects to dU and for which ♯R(du) ∈ TxN . In this way we may define a bivector
ΠR on N by
ΠR(dU1, dU2) = πR(du1, du2). (2.5)
If ΠR varies smoothly across N then N is a Poisson-Dirac submanifold of (P, πR).
Definition 2.1. A real form N ⊂ P is a real-Poisson form of (P, π) if N is a coisotropic
submanifold of (P, πI). A real structure R on a holomorphic Poisson manifold (P, π) will be
called a real-Poisson structure if
πR(x)(R∗df, R∗dg) = πx(df, dg) (2.6)
holds at all x and for all df, dg ∈ T ∗xP . The notation R∗df denotes the conjugate-adjoint, which
for all X ∈ TR(x)P satisfies
〈R∗df,X〉 = 〈df, R∗X〉. (2.7)
If non-empty, the fixed-point set N of a real-Poisson structure R is a real-Poisson form. To
see this consider the complex-linear form df = du+ idv for dv ∈ TxN◦. From the definitions we
have R∗df = df , and so it follows from (2.6) that π(df1, df2) is purely real for dv1, dv2 ∈ TxN◦.
Therefore 0 = πI(dv1, dv2) = 〈dv2, ♯Idv1〉 for all dv2 ∈ TxN◦. The vector ♯Idv1 must therefore
belong to TxN , and hence, N is a coisotropic submanifold of (P, πI).
Proposition 2.1. If N is a real-Poisson form of a holomorphic Poisson manifold (P, π) then
N is a Poisson-Dirac submanifold of (P, πR). Furthermore, if the intersection between N and
a holomorphic symplectic leaf O is a submanifold of O then N ∩O is a real-symplectic form of
(O,Ω).
Proof. If N is a real-Poisson form then the subspace TxN ∩ TxO is a coisotropic subspace of
(TxO, ωI). On the other hand, since N is a real form and O a complex submanifold we must
have
(TxN ∩ TxO)⊕ I (TxN ∩ TxO) ⊂ TxO.
Therefore, the dimension of TxN ∩ TxO must be less than or equal to half the dimension of
TxO. Yet since this is a coisotropic subspace it must be exactly half the dimension, and hence,
a Lagrangian subspace. It follows from Proposition 1.2 that if N ∩ O is a submanifold of O
then it is Lagrangian with respect to (O, ωI) and therefore a real-symplectic form of (O,Ω).
Since TxN ∩ TxO is Lagrangian with respect to (TxO, ωI) it follows from (1.1) that it is
symplectic with respect to (TxO, ωR) and therefore, N is pointwise Poisson-Dirac with respect
to (P, ωR). To show that ΠR in (2.5) varies smoothly it suffices to show that the map T
∗N →
T ∗P |N which sends dU ∈ T ∗xN to du ∈ T ∗xP is smooth [11]. As TxP = TxN ⊕ I(TxN) we may
smoothly extend dU to a form on TxP by setting it to equal zero on I(TxN). We claim that
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this extension is precisely du. By complex linearity of the form df = du + idv we see that du
vanishing on I(TxN) implies dv vanishes on TxN , and hence dv ∈ TxN◦. Let dw ∈ TxN◦ be
arbitrary. From (2.4) we obtain 〈dw, ♯Rdu〉 = 〈dw, ♯Idv〉 which must equal zero as ♯Idv ∈ TxN
since N is coisotropic, and so ♯Rdu ∈ TxN as desired.
Example 2.1 (Complex Lie algebras as holomorphic Poisson manifolds and their real forms).
The prototypical example of a holomorphic Poisson manifold is the dual of a complex Lie
algebra g∗ equipped with the Kostant-Kirilov-Souriau (KKS) Poisson bracket
πη(df, dg) = 〈η, [df, dg]〉
where the one-forms df and dg on g∗ are canonically taken to be elements in the Lie algebra g
upon which the Lie bracket [ , ] is defined. Let ρ∗ be a real form on g which is also a Lie algebra
automorphism with non-empty fixed-point set gρ. In other words, gρ is a real form of g in the
Lie algebraic sense. This involution lifts to a real form ρ∗ on g∗ given by the conjugate-adjoint
as in (2.7). This defines a real Poisson structure on g∗ whose fixed-point set may be identified
with the dual of gρ.
2.2 Poisson reduction
Let (M,ω) be a holomorphic symplectic manifold and G a complex Lie group which acts on
M by holomorphic symplectomorphisms. The quotient topology on the orbit space M/G is
not nice in general, so we shall suppose that the orbit map P : M → M/G is a holomorphic
submersion between complex manifolds. By virtue of G acting symplectically, the Poisson
bracket between G-invariant functions is again G-invariant. This allows us to define a unique
Poisson structure π˜ on M/G for which the projection map is a Poisson map. The space
(M/G, π˜) is the (holomorphic) Poisson reduced space [35].
Consider the fixed-point set MR of a real-symplectic structure R on M . We would like
to understand how this behaves with respect to Poisson reduction. In the presence of a real
structure it is reasonable to expect some degree of compatibility between the involution R and
the action of G. If we suppose that R maps G-orbits into G-orbits then it descends to a real
structure on M/G which we shall denote by R˜. As the Poisson bracket between G-invariant
functions is again G-invariant, it follows from (2.6) and the definition of π˜ that R˜ is a real-
Poisson structure on (M/G, π˜). This compatibility condition can be ensured if the following
equivariant definition holds.
Definition 2.2. A holomorphic symplectic group action of a complex Lie group G on a holo-
morphic symplectic manifold (M,Ω) equipped with a real-symplectic structure R will be called
R-compatible with respect to a real group structure ρ on G if
R(g ·m) = ρ(g) · R(m) (2.8)
for all g ∈ G and m ∈M .
For such a compatible group action the real Lie group Gρ acts symplectically on the real
form (MR, ω̂R). If in addition, we suppose the orbit map p : M
R → MR/Gρ is also a submer-
sion between smooth manifolds then we can equally consider the real Poisson reduced space
(MR/Gρ, Π̂R). The following proposition establishes the relation between the two possible
choices of real reduced space, (MR/Gρ, Π̂R) and ((M/G)
R˜, Π˜R).
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Theorem 2.2. There is a Poisson map Ψ from (MR/Gρ, Π̂R) into ((M/G)
R˜, Π˜R). This map
is an immersion with discrete fibres and image P (MR). Moreover, if G-acts freely on MR then
this map is an injection, and hence, P (MR) is an immersed Poisson submanifold of (M/G)R˜.
Proof. The map Ψ sends the Gρ-orbit through x ∈MR to the G-orbit through x. The commu-
tativity of the square below tells us that the image of Ψ is P (MR).
MR M
MR/Gρ M/G
ι
p P
Ψ
Since P ◦ ι = Ψ ◦ p is smooth it follows from an application of the Submersion Theorem that
Ψ is a smooth map.
For x in MR consider the tangent vector ξ · x for ξ ∈ g. If ξ · x belongs to TxMR then
R∗(ξ · x) = ξ · x. By taking the infinitesimal version of (2.8) we have ξ · x = ρ∗(ξ) · x. It
follows that ξ · x is also the tangent vector generated by the element (ξ + ρ∗(ξ))/2. However,
this element is clearly fixed by ρ∗, and so belongs to the Lie algebra g
ρ of Gρ. It follows that
the tangent vector ξ · x belongs to Tx(Gρ · x), which establishes
TxM
R ∩ Tx(G · x) = Tx(Gρ · x). (2.9)
Consequently, the intersection of a G-orbit with MR is the discrete union of Gρ-orbits and so
the fibres of Ψ are discrete. For x ∈ MR suppose g · x also belongs to MR for some g ∈ G. By
(2.8) we have g · x = ρ(g) · x, and therefore, if G acts freely on MR, then ρ(g) = g. Therefore
(G · x) ∩MR = Gρ · x, which implies that Ψ is an injection.
Let x(t) be a curve in MR with tangent vector X at x = x(0) and suppose Ψ∗p∗X is zero
in TP (x)(M/G). This implies X ∈ Tx(G · x)∩ TxMR which from (2.9) shows that p∗X = 0, and
hence, Ψ is an immersion.
Let U1 and U2 be real functions on (M/G)
R˜. Since this is a Poisson-Dirac submanifold
of (M/G, π˜R) there exist extensions u1 and u2 on M/G whose Hamiltonian vector fields on
(M/G)R˜ are tangent to (M/G)R˜ and for which
{U1, U2}Π˜R(P (x)) = {u1, u2}piR(P (x)) = {u1 ◦ P, u2 ◦ P}piR(x) (2.10)
for any x ∈ MR. In the last equality we have used the fact that P is a Poisson map. The
extensions u1 and u2 are R˜-invariant. As P ◦ R = R˜ ◦ P the functions u1 ◦ P and u2 ◦ P are
also R-invariant, and therefore their Hamiltonian vector fields are tangent to MR. Since MR
is a symplectic submanifold with respect to ωR the right-hand side above is equal to
{u1 ◦ (P ◦ ι), u2 ◦ (P ◦ ι)}piR(x)
where π̂R is the Poisson bivector for (M
R, ω̂R). As P ◦ ι = Ψ ◦ p we can use the fact that p is
Poisson to rewrite this as
{u1 ◦Ψ, u2 ◦Ψ}Π̂R(p(x)).
By comparing this to the left-hand side in (2.10) and writing P (x) = Ψ(p(x)) it follows from
surjectivity of p that Ψ is Poisson.
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Remark 2.1. If the action of G is free and admits an equivariant holomorphic momentum
map then the holomorphic symplectic leaves of (M/G, π˜) are connected components of the
orbit-reduced spaces for the Hamiltonian action of G on M . If in addition, the G-action is
R-compatible with respect to a real form ρ, then the action of Gρ on MR is also free and
Hamiltonian and the symplectic leaves of (MR/Gρ, Π̂R) are the connected components of the
orbit-reduced spaces. The previous theorem tells us that Ψ(MR/Gρ) is an immersed Poisson
submanifold of ((M/G)R˜, Π˜R). This implies that Ψ(M
R/Gρ) is a union of symplectic leaves in
(M/G)R˜, and since Ψ is Poisson, it restricts to a symplectomorphism between leaves in MR/Gρ
and leaves in (M/G)R˜. It follows that Ψ restricted to a Gρ-orbit-reduced space on MR gives a
symplectomorphism between this space and a real-symplectic form of a G-orbit-reduced space
on M .
2.3 The complex 2-sphere
In this section we will present a detailed example which exhibits CS2 as a holomorphic sym-
plectic reduced space for an action of GL(C) on T ∗C2. An advantage of this example is that
the holomorphic Poisson reduced space is shown to be a Poisson submanifold of gl(2;C)∗. This
allows us to approach real forms of CS2 from two different perspectives: as fixed-point sets in
g(2;C)∗ arising from real forms of GL(2;C) as in Example 2.1, or as compatible real forms in
T ∗C2 which descend through the reduction as in Theorem 2.2.
The bilinear form 〈p, q〉 = pT q identifies T ∗C2 with C2 ⊕ C2 equipped with the standard
holomorphic symplectic form
Ω ((q1, p1), (q2, p2)) = p
T
2 q1 − pT1 q2.
The cotangent lift of the standard representation of GL(2;C) is
g · (q, p) = (gq, g−Tp)
and is Hamiltonian with momentum map
P : C2 ⊕ C2 −→ gl(2;C); (q, p) 7→ qpT .
Here we have identified gl(2;C) with its dual using the trace form.
Consider the action of the subgroup which acts on C2 as scalar multiplication by z ∈ C\{0}.
This has momentum map µ = ι∗ ◦ P where ι∗ is the projection gl(2;C) → C, which is simply
the trace. If we remove the origin this action is free and P serves as an orbit map. Since the
momentum map P is Poisson, the reduced Poisson structure on the quotient coincides with the
KKS bracket on gl(2;C).
The symplectic leaves of gl(2;C) are its coadjoint orbits and generically these are level sets of
the two Casimirs, the trace and determinant. For ζ 6= 0 the orbit-reduced space µ−1(ζ)/GL(C)
consists of those ξ = P (q, p) with det ξ = 0 and Trace ξ = µ(q, p) = ζ . As an affine variety this
reduced space
µ−1(ζ)/GL(C) =
{
ξ =
1
2
(
t + ix y + iz
−y + iz t− ix
)
| det ξ = 0, Trace ξ = ζ
}
(2.11)
is a complex 2-sphere given by t = ζ and x2+ y2+ z2 = −ζ2. For ζ = i we denote this complex
sphere by CS2 and for ζ = −1 we will write this as iCS2.
The following proposition is a direct application of the material from the previous subsec-
tions to this example.
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Proposition 2.3. On T ∗C2 ∼= C2 ⊕ C2 we have real-symplectic structures R, S, and T given
below. The action of GL(C) is compatible with these real structures with respect to the real forms
ρ, σ, and τ . The real-symplectic structures descend to the quotient P (C2⊕C2 \ {0}) ⊂ gl(2;C)
to give real-Poisson structures R˜, S˜, and T˜ .
R(q, p) = (q, p) ρ(z) = z R˜(ξ) = ξ
S(q, p) = (ip, iq) σ(z) = 1/z S˜(ξ) = −ξ†
T (q, p) = (Ip, Iq) τ(z) = 1/z T˜ (ξ) = Iξ†I
where I = diag(i,−i).
These involutions arise from real forms of the group GL(2;C), and their fixed-point sets are
gl(2;R), u(2), and u(1, 1), respectively. The reduced space iCS2 is R˜-invariant, and CS2 is
both S˜- and T˜ -invariant. The corresponding reduced real-symplectic forms are the one-sheeted
hyperboloid S1 × R ⊂ iCS2, the sphere S2 ⊂ CS2, and the two-sheeted hyperboloid H2 ⊔H2 ⊂
CS
2.
3 Branes
3.1 Hyperka¨hler geometry
A hyperka¨hler manifold is a Riemannian manifold (M, g) equipped with three complex struc-
tures, I, J , and K, which satisfy the usual quaternionic relations, and for which (M, g) is
Ka¨hler with respect to each of them. Recall that a complex manifold (M, I) equipped with
a Riemannian metric g is Ka¨hler if the associated Ka¨hler form ω(X, Y ) = g(I(X), Y ) is a
symplectic form on M .
A hyperka¨hler manifold (M, g, I, J,K) defines a holomorphic symplectic form on M with
respect to each complex structure. If we denote the Ka¨hler forms by
ω1(X, Y ) = g(I(X), Y ), ω2(X, Y ) = g(J(X), Y ), ω3(X, Y ) = g(K(X), Y )
then Ω1 = ω2 + iω3, Ω2 = ω3 + iω1, and Ω3 = ω1 + iω2 each define holomorphic symplectic
forms on M with respect to the complex structures, I, J , and K, respectively.
Proposition 3.1. A submanifold N of a hyperka¨hler manifold M is a complex-Lagrangian
submanifold of (M, I,Ω1) if and only if it is an imaginary-symplectic form of (M,J,Ω2) and a
real-symplectic form of (M,K,Ω3).
Proof. It suffices to consider the tangent space TpM to a point p ∈ N . If N is complex-
Lagrangian with respect to (M, I,Ω1) then it is Lagrangian with respect to ω2 and ω3. This
implies that g(J(X), Y ) and g(K(X), Y ) are zero for all X, Y ∈ TpN , which means J(TpN) =
K(TpN) is the orthogonal complement to TpN . Consequently, TpN is a real form with respect
to both J and K, and so the first implication follows from Proposition 1.2.
Conversely, if N is an imaginary-symplectic form of (M,J,Ω2) and a real-symplectic form
of (M,K,Ω3) then it is Lagrangian with respect to both ω3 and ω2. This implies J(TpN)
and K(TpN) are both equal to the orthogonal complement to TpN , and so N is a complex
submanifold of (M, I) since I(TpN) = JK(TpN) = TpN .
Definition 3.1. A brane of a hyperka¨hler manifold is a submanifold which is complex-Lagrangian
with respect to some holomorphic symplectic form associated to the hyperka¨hler structure.
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Branes appear in string theory as special submanifolds of hyperka¨hler manifolds [26] and
some attention has been given to how these appear as fixed-point sets of certain involutions [15,
8]. This is very much related to our notion of real- and imaginary-symplectic structures. From
the point of view of finding real- and imaginary-symplectic forms the advantage of looking at
hyperka¨hler manifolds is that it gives us an alternative class of submanifolds to look for, namely
complex-Lagrangian submanifolds. The study of such complex Lagrangian submanifolds is well
developed [22, 32].
In the next section we shall construct an example which equips the complex 2-sphere with
a hyperka¨hler structure and show that complex-Lagrangian submanifolds of T ∗CP1 correspond
to both real-symplectic forms of CS2 and imaginary-symplectic forms of iCS2.
3.2 Hyperka¨hler reduction of the biquaternions
The algebra C⊗R H of biquaternions consists of elements of the form
1u+ Iv + Jw +Kz (3.1)
where {1, I, J,K} denotes the standard basis of H and u, v, w, z ∈ C. This may be endowed
with a hyperka¨hler structure by setting the metric to be |u|2+ |v|2+ |w|2+ |z|2 and the complex
structures to be left multiplication by I, J , and K. The centre of this algebra is C, and thus,
multiplication by the circle U(1) ⊂ C preserves the three complex structures and the metric.
Lemma 3.2. For a distinguished complex structure on the biquaternions, say for instance left
multiplication by I, the holomorphic symplectic manifold (C ⊗R H, I,Ω1 = ω2 + iω3) may be
identified with C2⊕C2 equipped with the standard complex and holomorphic-symplectic structure
by identifying the biquaternion 1u+ Iv + Jw +Kz with the pair
q =
1√
2
(
u+ iv
w + iz
)
, p =
1√
2
(
w + iz
−u− iv
)
.
In addition, this identifies the metric with the standard metric |q|2 + |p|2 and sends the circle
action to the action (eiθq, e−iθp). For a different choice of complex structure one simply performs
the appropriate cyclic permutation of (v, w, z).
The circle action is isometric and Hamiltonian with respect to each of the Ka¨hler forms ω1,
ω2, and ω3, with respective momentum maps µ1, µ2, and µ3 into u(1)
∗ ∼= iR. We can therefore
consider a hyperka¨hler reduced space given by the quotient
M = (µ−11 (i) ∩ µ−12 (0) ∩ µ−13 (0))/U(1).
Theorem 3.3. Let (M, g, I, J,K) be the hyperka¨hler reduced space of the circle action on the
biquaternions for the regular value (i, 0, 0) ∈ u(1)∗ ⊗ R3. We have the following holomorphic
symplectormorphisms:
1. (M, I,Ω1) ∼= (T ∗CP1, i,Ωcan),
2. (M,J,Ω2) ∼= (iCS2, i,ΩKKS),
3. (M,K,Ω3) ∼= (CS2, i,ΩKKS).
Here the complex 2-sphere is taken as a coadjoint orbit of gl(2;C)∗ where ΩKKS is the Kostant-
Kirilov-Souriau form.
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Proof. Using Lemma 3.2 we identify the biquaternions with I distinguished with C2⊕C2. The
circle action admits a holomorphic extension to the action of GL(C) given in Section 2.3 with
momentum map µ = µ2 + iµ3. The corresponding holomorphic symplectic structure on the
reduced space is that inherited by the quotient
µ−1(0)s/GL(C) (3.2)
where µ−1(0)s is the set of all points in µ−1(0) whose GL(C)-orbit intersects µ−11 (i). In this
basis µ1(q, p) = i(|q|2 − |p|2), and so the set of such stable points µ−1(0)s are those (q, p) with
q 6= 0 and pT q = 0. This quotient may be identified with T ∗CP1 by associating the orbit
through (q, p) with the covector p ∈ T ∗[q]CP1 = Hom([q],C2/[q])∗ ∼= (C2/[q])∗ = [q]◦. Observe
that the canonical one-form on T ∗CP1 pulls back to the canonical one-form on C2 ⊕ C2 (see
also Example 3.8 in [20]).
For a different choice of distinguished complex structure we apply the same argument. For
J we must consider µ−1(−1)s where µ = µ3+iµ1, and forK we have µ−1(i)s where µ = µ1+iµ2.
In both cases, all points in these fibres are stable, and so the equivalent quotient construction
in (3.2) is the holomorphic symplectic reduced space in (2.11).
3.3 Branes of the complex 2-sphere
Armed with Theorem 3.3 and Proposition 3.1 we are able to exhibit relationships between
branes of T ∗CS1, iCS2, and CS2. Thanks to our work in Proposition 2.3 we already have a
few examples of real-symplectic forms for iCS2 and CS2. In addition to these we also have the
following:
• By lifting the standard real structure on CP1 to the cotangent bundle as in Example 1.1
we obtain the real-symplectic form T ∗RP1 of T ∗CP1.
• The zero section and fibres of T ∗CP1 are complex-Lagrangian submanifolds.
• Any one-dimensional complex submanifold of the complex-sphere x2 + y2 + z2 = −ζ2 is
a complex-Lagrangian submanifold. If, for instance, we set x = 0, then we obtain the
complex circle CS1 as a complex-Lagrangian submanifold of CS2, and iCS1 of iCS2.
The real structures, R˜, S˜, and T˜ in Proposition 2.3 descend from real structures R, S, and T
on C2⊕C2. In the proof of Theorem 3.3 we identified this C2⊕C2 with the biquaternions using
Lemma 3.2. Therefore we may interpret these involutions as involutions on the biquaternions.
In addition to these we also have the real structure on T ∗CP1 with fixed-point set T ∗RP1. In
the proof of Theorem 3.3 the space T ∗CP1 is identified with the quotient (3.2). This gives
another real structure U on C2 ⊕ C2 which can also be identified with an involution on the
biquaternions.
We can now use the proof of Theorem 3.3 to describe how these involutions each descend
to the reduced space. The results are given in Table 1. We use the notation (I, J,K) =
(iσ3, iσ2, iσ1) where the σ denote the usual Pauli matrices.
In this table each column represents one of the four involutions R, S, T , and U on the bi-
quaternions. Each row details the corresponding involution on C2⊕C2 for each complex struc-
ture, I, J , and K. To distinguish between each identification of C2⊕C2 with the biquaternions
we write, for instance, C2I ⊕C2I to denote the correspondence given in Lemma 3.2 for the given
complex structure I. Where applicable, we also include the corresponding involution on the
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reduced space inside gl(2;C)∗ as in (2.11) and the fixed-point set. The imaginary-symplectic
forms have been omitted.
Proposition 3.4. On the hyperka¨hler reduced space M we have the following relationships
between select branes.
1. The zero section CP1 and a pair of antipodal fibres C⊔C are complex-Lagrangian subman-
ifolds of (T ∗CP1, i,Ωcan) which correspond to the real-symplectic forms S
2 and H2 ⊔H2
of (CS2, i,ΩKKS).
2. The complex-Lagrangian submanifold iCS1 of (iCS2, i,ΩKKS) corresponds to the real-
symplectic form T ∗RP1 of (T ∗CP1, i,Ωcan).
3. The complex-Lagrangian submanifold CS1 of (CS2, i,ΩKKS) corresponds to the real-symplectic
form S1 × R of (iCS2, i,ΩKKS).
Remark 3.1. Complex-Lagrangian submanifolds of hyperka¨hler manifolds are very closely
related to special Lagrangian submanifolds of Calabi-Yau manifolds [21]. An almost Calabi-
Yau manifold is a Ka¨hler manifold (M (2n), I, ω) together with a non-vanishing holomorphic
n-form Θ [25]. A submanifold N is said to be special Lagrangian if it is Lagrangian with
respect to ω and if ImΘ|N = 0. Given a hyperka¨hler manifold M consider the Ka¨hler manifold
(M,K, ω3) together with the holomorphic 2n-form
Θ = Ω3 ∧ · · · ∧ Ω3︸ ︷︷ ︸
n times
If N is a complex-Lagrangian submanifold of (M, I,Ω1) then it is a special Lagrangian subman-
ifold of (M,K, ω3,Θ). Therefore, complex-Lagrangian submanifolds of T
∗CP
1 correspond to
special Lagrangian submanifolds of CS2. Such submanifolds of the complex sphere have been
considered before, for instance in [40, 2], and the wider study of special Lagrangian submanifolds
is itself well studied [23, 4].
3.4 Properties of the Eguchi-Hanson space
The hyperka¨hler structure we have constructed on M is known as the Eguchi-Hanson metric
on TS2 [14]. A consequence of Theorem 3.3 is that it defines hyperka¨hler structures on T ∗CP1,
iCS2, and CS2. By identifying these spaces with M we implicitly obtain an identification of
spaces
Φ: CS2 −→ T ∗CP1. (3.3)
The map Φ is quite curious as it is not a biholomorphism with respect to the standard complex
structures. Instead, it pushes forward the standard structure on CS2 to an alternative structure
on T ∗CP1 arising from the hyperka¨hler structure. Furthermore, by considering the Ka¨hler form
ω2 we see that Φ is a symplectomorphism in the sense that Φ
∗ Re(Ωcan) = Im(ΩKKS).
More generally, it is known that the regular coadjoint orbits Gc/T c of a semisimple complex
Lie group Gc are hyperka¨hler and that they are diffeomorphic to T ∗(G/T ) where G is the
compact form of Gc and T a maximal torus [28, 6]. The explicit map Φ between Gc/T c and
T ∗(G/T ) admits a general construction in special circumstances [7], however it is in general
surprisingly difficult to obtain explicitly [12]. For our purposes the map Φ will be used later in
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R S T U
C2I ⊕ C2I (−iKq, iKp) (q,−p) (−iKq, iKp) (q, p)
T ∗CP1 · CP1 C ⊔ C, T ∗RP1
C2J ⊕ C2J (q, p) (−p,−q) (−iJp, iJq) (−iKp,−iKq)
ξ ξ† −Jξ†J −KξTK
iCS2 S1 × R · · iCS1
C2K ⊕ C2K (iKp, iKq) (ip, iq) (Ip, Iq) (−iIq, iIp)
−KξTK −ξ† Iξ†I IξI
CS
2
CS
1 S2 H2 ⊔H2 ·
Table 1
an important example for the spherical pendulum. For this reason we must here deduce some
properties of Φ.
Firstly, we claim that Φ is SU(2)-equivariant. To see this consider right multiplication by
ordinary unit quaternions on the biquaternions. Applying Lemma 3.2 reveals that this acts on
C2⊕C2 as g · (q, p) = (gq, gp) for g ∈ SU(2). This descends through the hyperka¨hler reduction
to give the cotangent lift of SU(2) to T ∗CP1 and the adjoint action of SU(2) ⊂ GL(2;C) on
CS
2. For each of these spaces there is a single SU(2)-invariant generator. For T ∗CP1 this is
the modulus |η| of a covector, and for CS2 it is Trace(ξ†ξ).
Lemma 3.5. With respect to the identification Φ the SU(2)-invariant generators on T ∗CP1
and CS2 satisfy
|η|2 = |x|2 + |y|2 + |z|2. (3.4)
Proof. As in the proof of Theorem 3.3 we identify T ∗CP1 with the U(1)-orbits through (q, p)
in C2I ⊕C2I where pT q = 0 and |q|2−|p|2 = 1. One can show that |η|2 is equal to 4|q|2|p|2 which
may be rewritten as Γ2 − 1 where Γ = |q|2 + |p|2. From Lemma 3.2 we see that
Γ = |u|2 + |v|2 + |w|2 + |z|2
on the biquaternions. This is also equal to |q|2 + |p|2 but for (q, p) ∈ C2K ⊕ C2K where now
pT q = i and |q|2 = |p|2. For ξ = qpT the generator Trace(ξ†ξ) is equal to |q|2|p|2, which in this
case may be rewritten as Γ2/4. Using the notation in (2.11) allows us to express Γ2−1 as (3.4)
above.
From Proposition 3.4 a particular fibre of T ∗CP1 corresponds to a connected component
H2 of the fixed-point set of T˜ in CS2. Therefore, for some SU(2)-equivariant identification of
CP
1 with S2, the bundle map π ◦ Φ: CS2 → S2 is determined, up to some action of SU(2),
by the property that it be SU(2)-equivariant and whose fibre over a given point is H2. If we
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temporarily denote elements (x, y, z) of CS2 by x then one can see that such a map is given by
x 7−→ 1√
1 + | Im(x)|2 Re(x). (3.5)
4 Integrability
4.1 Holomorphic integrable systems
Definition 4.1. A collection of holomorphic functions f1, . . . , fn on a holomorphic symplectic
manifold M (2n) defines a holomorphic integrable system if the functions Poisson commute with
respect to the complex Poisson bracket and if the derivatives are linearly independent in an
open dense subset.
The regular fibres of a holomorphic integrable system are complex-Lagrangian submani-
folds. These fibres are Lagrangian with respect to both ωR and ωI , and therefore the real and
imaginary parts of the fk define real integrable systems with respect to both ωR and ωI . This
is an example of a bi-integrable system and has been observed numerous times before [5, 13].
In the ordinary setting of real integrable systems a great deal of effort can be spent checking
a collection of integrals are linearly independent almost everywhere. In this respect working
within the rigid category of analytic functions has an advantage: if any two such functions agree
in an open set then they must be identical thanks to the Identity Theorem. More generally,
any subset which enjoys this property is sometimes referred to as a key set [3, 27]. If we have
an analytic real form N of M , then every open subset of N is also a key set. This can be
seen by working in an analytic chart C2n in which N appears as R2n and considering the series
expansion [33]. These ideas hold more generally for holomorphic forms, and it is by applying
these arguments to df1 ∧ · · · ∧ dfk that we prove the following
Lemma 4.1. Let f1, . . . , fk be holomorphic functions defined on a connected, complex manifold
M . If the dfj are linearly independent somewhere then they are independent everywhere in an
open dense subset of M . If, in addition, N is an analytic real form of M then the dfj are also
linearly independent in an open dense subset of N .
Proposition 4.2. Suppose u1, . . . , un is an integrable system of analytic functions on an ana-
lytic real-symplectic form (N, ω̂R). The holomorphic extensions of these functions defined in a
neighbourhood of N is a holomorphic integrable system.
Proof. Let f1, . . . , fn be the holomorphic extensions defined in some neighbourhood of N . Since
the fj are purely real on N their Hamiltonian vector fields are tangent to N , and so since N is
Lagrangian with respect to ωI we have
{fj, fk}(p) = Ω(Xfj , Xfk) = ωR(Xuj , Xuk) = {uj, uk}R(p) = 0
for p ∈ N . As N is a key set it follows that {fj , fk} must be zero everywhere in the neighbour-
hood of N . Finally, if the duj are independent at p ∈ N then so are the dfj.
We now consider a partial converse to this proposition. Suppose f1, . . . , fn is a holomorphic
integrable system on M . By restricting the real and imaginary parts of these functions to a
connected and analytic real-symplectic form N we obtain a collection of 2n real functions. Let
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A denote the algebra of functions on N generated by taking the Poisson bracket with respect
to ω̂R between these functions. Fix some p ∈ N for which the dimension of
Span{dwp | w ∈ A}
is maximal. We can then select k functions w1, . . . , wk belonging to A whose derivatives form a
basis of this space at p. These functions are analytic, and so, since their derivatives are linearly
independent at some point they must be independent on an open dense set U of N . From the
maximality assumption the fibres of w1, . . . , wk must coincide with the fibres of A in U . The
fibres of A are subsets of the level sets of f1, . . . , fn restricted to N . However, as the fibres of
the holomorphic integrable system are Lagrangian with respect to ωR, and as N is symplectic
with respect to ωR, any submanifold contained to these intersections must be isotropic with
respect to (N, ω̂R). It follows that w1, . . . , wk defines a non-commutative, analytic integrable
system on (N, ω̂R).
This construction might appear underwhelming. Indeed, as the regular fibres of f1, . . . , fn
and N are both real 2n-dimensional submanifolds in M , the generic transversal intersection
between them is a point. A fibration of N into points still qualifies as a non-commutative
integrable system, albeit not an interesting one. On the other hand, it is important to appreciate
the significance of this to dynamics. Suppose the flow of a holomorphic Hamiltonian f1 on M
admits a holomorphic integrable system f1, . . . , fn. If the flow of f1 leaves N invariant then A
is an algebra of first integrals, and so the construction above proves that the Hamiltonian flow
on (N, ω̂R) is integrable in the non-commutative sense. A result of [10] shows that this implies
integrability in the standard sense.
Theorem 4.3. Suppose the flow of a holomorphic Hamiltonian on (M,Ω) admits a holomorphic
integrable system. If the flow leaves an analytic real-symplectic form N invariant then the
corresponding real Hamiltonian system on (N, ω̂R) is integrable.
Remark 4.1. If we have two analytic real-symplectic forms N1 and N2 of M then we can
use these ideas to obtain something reminiscent of the unitary trick from Lie theory but for
dynamical systems. Suppose N1 admits a real analytic integrable system, which by Proposi-
tion 4.2 complexifies to a holomorphic integrable system on a neighbourhood of N1 which we
shall suppose contains N2. If the flow of the complexified Hamiltonian preserves N2 then by
Theorem 4.3 this provides a separate real integrable system on N2. This technique can be used
to obtain new integrable systems from old. For instance, an application of this idea can be used
to show that the real forms of the complex Neumann system considered in [34] are integrable.
4.2 Compatibility
As we remarked earlier, the level sets of a holomorphic integrable system f1, . . . , fn and a real-
symplectic form will typically intersect transversally in a point. In practice it is reasonable to
expect some compatibility between f = (f1, . . . , fn) → Cn and a real-symplectic structure R.
Let us temporarily refer to f as being R-compatible if R acts on the fibres of f . Equivalently,
for each k the function fk ◦R factors through f . For such a compatible integrable system we
may obtain the exact same system from the functions g1, . . . , gn where
gk = (fk + fk ◦R) + i(fk − fk ◦R).
The action of R on the fibres of µ = (g1, . . . , gn) : M → Cn corresponds to the standard conju-
gation on Cn. We may therefore suppose without any loss of generality that for a compatible
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integrable system µ : M → g∗ there is a real structure ρ∗ on g∗ which satisfies
µ ◦R = ρ∗ ◦ µ (4.1)
Proposition 4.4. Let G denote the connected, complex abelian group acting on (M,Ω) gen-
erated by a holomorphic integrable system µ = (g1, . . . , gn) → Cn ∼= g∗. The integrable system
is compatible with respect to a real symplectic structure R if and only if the action of G is
R-compatible with respect to some real group structure ρ.
Proof. The real structure ρ∗ is the conjugate-adjoint of a real structure ρ∗ on g as in Exam-
ple 2.1. This can be exponentiated to give a real structure ρ on G. If we let Xξ denote the
Hamiltonian vector field generated by ξ ∈ g then (4.1) implies
R∗(Xξ) = Xρ∗ξ. (4.2)
This is the infinitesimal version of the equivariant condition in (2.8). We can therefore integrate
this expression to find that the action of G onM is R-compatible with respect to ρ. Conversely,
if the action of G is R-compatible with respect to ρ then from (4.2) we can show that
µ ◦R = ρ∗ ◦ µ+ ζ
for some constant ζ ∈ g∗. Since µ(p) 7→ µ(R(p)) is an involution then so too is µ(p) 7→
ρ∗(µ(p)) + ζ . This forces ζ to be zero, and hence (4.1) holds.
Given an R-compatible integrable system µ : M → g∗ let ξ1, . . . , ξn be a real basis of gρ and
consider f = (f1, . . . , fn) where fk = 〈µ, ξk〉. The holomorphic integrable systems given by f
and µ are equivalent, however, the advantage of using f1, . . . , fn is that these integrals are all
real on MR. The fixed-point set of a real structure is analytic [38], and so from Lemma 4.1
the integrals f1, . . . , fn must be linearly independent in an open dense subset of M
R. It follows
that the restriction of f defines a real integrable system on MR. This generalises the result of
[18] to holomorphic symplectic manifolds.
Theorem 4.5. Let (M,Ω) be a holomorphic symplectic manifold, R a real-symplectic structure
with non-empty fixed-point set MR and µ : M → g∗ a holomorphic integrable system. Let G be
the complex abelian group acting on M generated by µ and suppose this action is R-compatible
with respect to a real structure ρ on G with non-empty fixed-point set Gρ. The action of Gρ on
MR with momentum map µ̂ : MR → (gρ)∗ defines a real integrable system on (MR, ω̂R).
The situation described in this theorem is neatly illustrated by the commutativity of the
diagram below.
MR M M
(gρ)∗ g∗ g∗
µ̂
R
µ µ
ρ∗
(4.3)
4.3 The unitary trick for the spherical pendulum
From Table 1 the involution U˜(ξ) = IξI defines an imaginary-symplectic structure on CS2.
We can twist this involution on the product CS2 × CS2 to get another imaginary-symplectic
structure
Υ: (ξ1, ξ2) 7−→
(
U˜(ξ2), U˜(ξ1)
)
(4.4)
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whose fixed-point set is a conjugate-diagonal copy of CS2 given by{
(ξ, U˜(ξ)) | ∀ξ ∈ CS2
}
⊂ CS2 × CS2. (4.5)
The imaginary part of the holomorphic symplectic form restricts to this to give Im(ΩKKS) on
CS
2. We can then use the symplectomorphism Φ: (CS2, Im(ΩKKS)) → (T ∗CP1,Re(Ωcan)) in
(3.3) to identify this imaginary-symplectic form of CS2 × CS2 with (T ∗S2, ωcan).
On the other hand, the real-symplectic structure
Σ: (ξ1, ξ2) 7−→
(
S˜(ξ1), S˜(ξ2)
)
(4.6)
has fixed-point set S2 × S2. In principle we can perform a ‘unitary trick’ by complexifying an
integrable system on T ∗S2 to obtain a holomorphic integrable system on CS2×CS2, and then,
provided this is Σ-compatible, use Theorem 4.5 to derive a real integrable system on S2 × S2.
This can be thought of as a ‘compact real form’ of the integrable system on T ∗S2.
Theorem 4.6. The holomorphic integrable system (H, J) on CS2 × CS2 given by
H =
1
2
(x1x2 + y1y2 − z1z2) + z1 − z2√
(x1 + x2)2 + (y1 + y2)2 + (z1 − z2)2
J =
z1 + z2
2i
is both Σ- and Υ-compatible. The corresponding real integrable system on the fixed-point set of
Υ is sent via Φ to the spherical pendulum on T ∗S2 where H is the energy and J the angular
momentum about the vertical.
Proof. The kinetic energy term on CS2 is obtained from Lemma 3.5. For the potential energy
we require the bundle map π ◦ Φ: CS2 → S2 given in (3.5). If we suppose the vertical is
about (0, 0, 1) then the third component in the right-hand side of (3.5) gives the height of the
pendulum. Finally, the angular momentum J on T ∗S2 generates rotations about the vertical.
Since Φ: CS2 → T ∗S2 is SU(2)-equivariant this corresponds to the U(1) ⊂ SU(2) action on
CS
2 which fixes (0, 0, 1). This is the Hamiltonian flow generated by the imaginary part of z.
We thus have
H =
1
2
(|x|2 + |y|2 + |z|2) + z + z√
4− (x− x)2 − (y − y)2 − (z − z)2
J =
z − z
2i
for the pull-back of the integrable system on T ∗S2 to CS2. To extend H and J to holomorphic
functions on CS2 × CS2 we use the fact that U˜(x, y, z) = (x, y,−z) and our identification of
CS
2 with the fixed-point set of Υ given in (4.5).
For reference we provide in Figure 1 the energy-momentum bifurcation diagram for the
corresponding real integrable systems on T ∗S2 and S2 × S2. The black points correspond to
rank zero critical points of (H, J). The nature of the critical points of the momentum map is
significant to the study of classifications of integrable systems [9, 44, 45]. Each non-degenerate
critical point of rank zero corresponds to a Cartan subalgebra of the symplectic Lie algebra.
In this respect the study of holomorphic integrable systems affords an advantage over its real
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JH
T ∗S2
J
H
S2 × S2
Figure 1
counterpart: unlike the real symplectic Lie algebra, every Cartan subalgebra of the complex
symplectic Lie algebra is equivalent up to conjugacy. This implies that for a holomorphic
integrable system, all non-degenerate rank zero critical points are locally the same.
It is intriguing to contemplate how this might contribute to the task of classification. In
particular, it would be interesting to complexify an integrable system and use Theorem 4.5 to
obtain a family of separate integrable systems and see how they are related. Many questions
now arise. How are the bifurcation diagrams related, and how will the nature of the critical
points vary on each real form? Furthermore, does every real analytic integrable system admit
a compatible, compact real integrable form as is the case for the spherical pendulum?
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